Episode 2

Motion of Particles in Cartesian Coordinates
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Topics for todays class

Describing motion of particles

1. Definition of a particle
2. Position-velocity-acceleration relations for a particle

3. Inertial reference frames
4. Review of some calculus

9. Analyzing straight line motion of particles

6. Using MATLAB to integrate/differentiate the measured
position/velocity/acceleration of a particle
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Background

Common dynamics problem:

Given: (i) Acceleration a= f(x,v,f)
(ii) Speed v and position x attime =0
Find: speed v and distance traveled x for 7>0

Approach: Solve the differential equations
dx dv v d*x

=Y —:v—:—:f(x,v,{)
dt dt dx  gi?

Some simple cases can be solved by hand.

(For harder equations we have to use MATLAB)

Some equations can be solved using separation of variables




Separation of variables
Three cases:

(1) Acceleration is a known function of time a= f(¢)

Example: Rocket in space, with thrust that decreases with time (for 0 <7 < T)

a(t)=Fy(1-t/T)/ m —.

thrust

(2) Acceleration depends on speed (and time) a= f(v)g(?)

Example: dust particle dropping vertically with air resistance

av)y=g—cv/m T*'

mg

(3) Acceleration depends on position (and speed) a= f(x)g(v)

Example: mass on a spring >

a(x)=—kx/m M



Separation of variables: Case 1

Acceleration is a known function of time a= f(¢)

% = f(1) % =v  Initial condition: x(f=0)=x, v({#=0)=,

Calculating v

Step 1: ‘Separate variables’ a = f(t)dt

Vv I
Step 2: Integrate both sides j'dr =J'f(r)dt
V, 0

Example a=F,(1-t/T)/m O0<t<T
This means substitute
Step 1 (ﬁ*:{FU(l—ffT)Km}dr / the limits \
v t , R 1
Step 2 [av=[{FRa-t/T)/m}dr [v] =[F0{r—r" x(:r)} /m]
» ¢ O

v, 0

=V =1 +F[;,{r—r2 / (ZT)}J'JH



Separation of variables: Case 1

Acceleration is a known function of time a= f(#)

% = f(1) % =v  Initial condition: x(t=0)=x, v(t=0)=1,

Calculating x

Step 1: ‘Separate variables’ @ =v()dt

X t
Step 2: Integrate both sides [ dx=[v(r)dt
X, 0

Example a=F(1-t/T)/m v=v, +F0{f-r2/(21")}/m O0<t<T

Step 1 dr=(r0+Fb{f—r2 /(ZT)}/:rr]dr
Step 2 fdx =i(1-0 +F0{r—r3 /(ET)}fm)dr
0 0
= [« :[1'01' +Fy {1121 /(6T)| /m]r

0 0

:>.r:1'0r+Pb{f?'/2—f3 /(6T)}fm



Separation of variables: Case 1

Graphical Method for
a,v,x all functions of time

« Speed is the slope of the

distance-v-time curve N o
. . —=w(1)
« Distance is the area under the a

speed-v-time curve "_\
R ¢

« Acceleration is the slope of the
speed-v-time curve

Speed (m's)

a(r)

5|5

« Speed is the area under the
acceleration-v-time curve




Separation of variables: Case 2

Acceleration depends on speed (and time) a= f(v)g(t)

dv dx . .
d—1 = f(v)g(?) d_; =v Imtial condition: x(7=0)=xp5 v(=0)=vy
!

Calculating v

ah |
Step 1: ‘Separate variables’ ——=g()adt

S)
v o,
Step 2: Integrate both sides If( ):jg(r)aﬁ
-
V, 0
Example a(v)=g—-cv/m «— f(v)=g—cv/m g(t)=1
(f\'
= dit
>tep 1 g—cv/m Natural log (In)

v . I v
Step 2 j @ :jdr = [—Elog(g—cvhn)} =t
: g—cvim S c .

::»—Elog[ g—cvim }=f — 1*=E—(E—ro}exp(—cr/m)
C C



Separation of variables: Case 2
Acceleration depends on speed (and time) a= f(v)g(?)

? = f(v)g(t) ? =v  Imitialcondition: x(f=0)=x5 v(=0)=vp
[ 4

Calculating x

Step 1: ‘Separate variables’ dr=v(7)dr
X I
Step 2: Integrate both sides jdrzjr(r)dr
Xq 0
Example a(v)=g—cv/m  v=mg/ec—(mg/ec—vy)exp(—ct/ m)

Step 1 dr=(mg/c—(mg/c—vq)exp(—ct/m))dt

X t
Step 2 I dx :J.(mg/‘c —(mg/c—vy)exp(—ct/ m))dt
X, 0

— [r]: =‘:mgr le+(m/c)(mg/ec—vy)exp(—ct/ ”’)];

= x=xq+mgt/c+(m/c)(mg/c—vy){exp(—ct/m)—1}



Separation of variables: Case 3
Acceleration depends on position (and speed) a= f(x)g(v)

%= f(x)g(v) %= v Imtialcondition: x(f=0)=x, v(=0)=1y,
Calculating v
Step 1: Rewrite acceleration in terms of x dv _dvax dv v=f(x)g(v)
vy dt dvdt dx
Step 2: ‘Separate variables’ g(r) = f(x)dx

Step 3: Integrate both sides I —_Jrf(r)dr
&80

Example a=—lkx/m

Steps 1&2 vdv=(—kx/ m)dx

Step 3 Imﬁ I( —kx [ m)dt :>[ /- ] :[—krzf(i’lm)]r
Xo Yo *o

— 1':\/1'5+k\'5fm—kr‘ /m




Separation of variables: Case 3

Acceleration depends on position (and speed) a= f(v)g(x)

= f(x)g(v) j: =v(x) Imtial condition: x(7=0)=x, v({#=0)=v,

Calculatmg X

Step 1: ‘Separate variables’

.
Step 2: Integrate both sides J‘ ax _r .

Example a=—kx/m y= \/1'3 — kro /m—ke* /' m

Step 1 ax = df Substitute kx” / {mt'é - h‘é) = sin” ()

dx r 1

. —1 X
Step 2 =|dt = sin = = =1
IJ10 + ke I m—kx* /m J[; Nk m [\{un*a,’k+r5]

=X = \/nnﬁ | k+ .rg sin| +f(k/ m) t+sin”! +
Vg [ k+xG

— _1"




Final note

We use the same calculus in many other applications

Example 1: Motion along a curved path B e

Differential equations Replaces x
%:Vdﬂ:ar(s,ﬂr) é=V
- - \\ Replaces v

Example 2: Rotation about a fixed axis

Differential equations ) Replaces x

do do de
E=&J%:a(6‘.(ar) — =
\\ Replaces a "\ Replaces v



2.4 Example: Straight line motion with constant acceleration

A particle has constant acceleration a=ai
At time (=0 it has velocity v="pi andposionr=xoi  t=0>@) —

Find v(z), v(x) and r(?)

Use calonlu %OWM/QJ
v t

Oilf =0C = J[ O4l/-=’J7 a-(,?{C => V'-Vo = OL'é
0/5 Vo 0

Vi) = i, +a6

V X
'/dJL:‘— V = — s © ~ ( x~—
N a :pj A JOm(x ‘?[ZVJ o, KXO)

12
‘/g Xo Vo

=  E VTt U = o (x-x0)

= | V(x) = \/702‘ +200 ( x—%g) "




X €
= /= Vo-f Qt :DJO{/C: (Vg‘fqéjdt
Xo

~0

olx
dt

2 X=X, = Vb + L at”®

X = Xu -I'I/O(lj r/-—éQéL

"Constant  accetera tisz, %WM/QJ
N8 i Use thee only if a i constwT

Othernsce  Sehargte anbé/a oy
we 7747,



2.9 Example: Toronto high-speed walkway Given information:
Standing passenger has constant accel Total length L= 912 ft,

/ A * V1=125 ft/min
' giodl s *  V2=400 ft/min
1 V. .
L‘E _f_,_ : s i C E“! 1?_}' * Travel ime A->B = 1 approx 10 sec

: : : | * Travel time C->D = t1 approx 10 sec
i{ S E &

) ' : Calculate:
; ‘ ;K g (a) Acceleration d
o 7 ; (b) Time of travel T from A->D
I y. f
bt r

(@) Use constand accel 74?0%@/4_\ betyeen
AL E

o=V, +a £, = Oz Va-lh = 400-/25
& 60 %O
> A= 042 L6
6;1.-

(abppx O -0/15
}d]ég-’c?& 7‘25/@\?)




(6) UYse hica!  methoo
.. 30}5 AV V.
‘D:.s”'l"ﬂnae Va

= area under , | _— T
ﬁqf}“ jrJ Q “ © >

Eime

tl’ T—"Zb) é—f
L= Vo (T-2¢6) + 2 g(v,-ﬂ-z/z,) ézg

@

Solve 74/‘ T, T= L 'f'Zél — (M'*Vz.)é—f
Ve Ve

A ey

Substitnte numbers / = 142.95
(Compace fo 4375 @ speert V)




2.5 Example: Straight line motion with variable acceleration

Aircraft starts from rest.

' N
. F ’ll-lII '.ﬂ_*
Acceleration a= —“{ (A ] S, F,

Must reach speed vro to take off

1. Find a formula for speed as a function of time.
2. Find a formula for distance traveled as a function of time
3. Find a formula for the minimum length of runway required to takeoff

Use sepaahm of Vanabis

v o E
o_{__V:a:.E_Q{;—_gg@ dv - Fo dt
dt U Vo [ =V /o Jo m

v
= [-—Vo log (/—WVOJJ = Fo €
o m

= V=V, (!—-ex,o § -Fo 6i)

”’T\/o




(%) (;;"{)‘EZ, -'-'-V-'-‘-Vo( | ~ exp *ﬁzi?)

mVe
2 de =J:Vo (1--e;</s g o ?)0/@

D X = |Vt + ml 6x)b§ 651
MVe do

| =

2 | X= Vot + mvo (ax/bgw S? )




[3) Notes: (a) ﬁ:/mz]@ must reach Vg

betore end of (uwa
(b W&fo can fma/ 7{7‘7}776 ’f'g reach

Voo Lrm ” pact (1) Eh
R B

Voo = Vo(l"é’/xfgm% z)

Note :  mlo™ ( e xp E ~ Fo [:g '-l): ~mVo V7o

_-—___"-I-—

Fb m Vo Fe
Now Solve /M’ t °
€= —-mlo /cw /)-—Vro)
| Fé: Vo |
Ffﬂq/\fy X = '-*fn__q /cy (1 ““@) - mVo Vio
Fo

l/Vaﬁ‘f,-‘ VTO’:Vo anof / /:/g) <O gr’ ﬁ-::/

- m"f tem )4 s;hve |



2.7 Example: Integrating/differentiating acceleration/position with MATLAB

Accelerometers on a quadcopter and a radio positioning system measure position,
velocity, and acceleration at a series of successive times.

Data stored in ‘comma separated value’ (csv) file

Use MATLAB to read the file, and

(a) integrate the acceleration (a,.a,.a-)

(b) Differentiate the position (x.y.z)

to find (.v.v-) . Compare with measured velocity.

CSV files contain numbers separated by & d“ © s

Home Insert Page Layout Fomn

commas
Al - E|lo
1, 2, 3, 4 i A - B UL o [ D
|
5 6 7 8 0 2.7869 -0.1B19%6 10.027
R ' 0.097 15706 0.23942 9.912
etc... { 0.173 1.2354 -0.04788  9.9982

0.248 0.59376 -0.35434  9.9695
0.355 -0.34477 -0.04788  10.046

N ASS 1 WAT M I5AIA o oROS

Data columns in example file are tme.x.y.z.vy.vy.v-.ay.a,.a- (in Sl units)

To reaol a csy Ffile yre
\?@f_@/ = cf'z/rmaff ( 'friename .c'..s’l/’j
Matax of data (rows, c—afs)

Will open in EXCEL

LT TR - TR S R



In @f aﬁ@ acceleratn date. Wik MATZAR
Ht)qm“fkm: " 7?‘4]2462.0:'0/4/ M 7%9’;@?790;—\ )

Aetelers 79071 afmla
é’fﬂ}?lb time (ﬁ/ﬁﬁﬁof W/.% Lﬁ/"f;)

A

W e " | ? Caleufatec! V&éa‘fy

Area

> e

MATAR  has a built-m /mméﬁ; ]4/’ Fhit

V= cumtraps ( Limes, accels)
Vectr "JZ Vector df Vect 5’7(

V' va/nes T values o yalues
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function process_guadcopter_data
close all
data = csvread('dsmc flight data.csv'):

time = data(:,1); 2 = data(:,2); v = data(:,3):z = data(:,4);

ax = data(:,8); vz = data(:,5);
plot3(x,y,2):
grid ons

T Figume 1

File Edit Wiew Inserd Tools Deskto] Window Help ¥

-

IT_ Figure 2

- | A

File Edt Wiew Inszrt Tools Deskiop Window Help -

title('Trajectory'); xlabel('x (m)'); vylabel('y (m)'); zlabel('z (m)'): £

figure
plot{time, ax);
grid on;

—

r]

title('Acceleration'); xlabel('time (s5)'); ylabel('a x (m/s"2)");

v_integrated = cumtrapz(time,ax);
figurs
plot (time,v integrated, 'Displayname’, 'Integrated a x')
hold on
plot{time,vx, 'Displayname’, 'v x from quadcoptsr')
S for i = lilength(tims) - 1
T(i) = (Eime(i+l) + time(i))/2;
v differentiated(i) = (x{(i+1)-x(i))/(time (i+1)-time(i));
end
tplot (T,v _differentiated);
v_smoothed = smooth(v_differentiated);
plot(T,v smoothed, 'Displayname', '"Differentiated =x");
grid on;

title ("Velocity Calculations')y xlabel('time (3)'); ylabel('v =

legend{geca, "show') }

—end

Trajectory

a

a,_[mis?)
=1

Acceleration

2

N

(m/s)");

2 . .
I o 5 0 156 20 25
" ¥ (m) o x (m) - tirna g)
- —
|#] Figure 3 — O .y
File Edt VWiew Insert Tool Desktop ‘Window Help k]
4 ,. Velocity t:gl:ullﬂnn:
Intagrated a i [
3 - ¥, from quadcopier /_\ﬂ‘- i
Differentialed =
2| J :
% -
a r“"‘w :-1.1 . 4"'-_! T -‘1'\"-,. N
Y AN e\
4t v
",,.,."""df
‘2 1 1 i i
o ] 10 15 20 25
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